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Abstract
We compute the wall velocity in the MSSM. We therefore generalize the SM equations of motion
for bubble walls moving through a hot plasma at the electroweak phase transition and calculate
the friction terms which describe the viscosity of the plasma. We give the general expressions
and apply them to a simple model where stops, tops and W bosons contribute to the friction.
In a wide range of parameters including those which full the requirements of baryogenesis we




The generation of the baryon asymmetry of the Universe in a rst order phase transition (PT)
of the electroweak theory is attractive because all of its ingredients could be tested in high
energy experiments in the near future. However, it is for sure now that there is no strong rst
order PT in the Standard Model (SM) with a Higgs mass above the experimental lower bound,
indeed there is no PT at all [1]. The SM is very successful, but there is common agreement that
it has to be extended to a more general theory. That this theory will contain supersymmetry
is still controversial but in lack of alternatives this is a very useful hypothesis. In the MSSM
and also in an extension with an additional singlet eld (NMSSM) [2{4] it is possible to obtain
a strong rst order PT without violating the experimental Higgs mass bounds. In the MSSM
this is related to a scalar partner of the right handed top which is very light in the symmetric
phase [5,6]. It increases the cubic term in the eective 1-loop scalar potential. In the NMSSM
a SH1H2 term arises already at tree level and acts eectively as a 
3-term if the vacuum
expectation value (vev) < S > is comparable to the Higgs vevs [7]. These types of models have
also more freedom to realize CP-violating eects. It is well known that supersymmetric models
allow for spontaneous CP-violation at T = 0. The parameter space is strongly restricted
by experimental bounds on the electric dipole moment of the neutron(for a discussion and
references see e.g., [8]). Moreover to produce a baryon asymmetry at the electroweak scale CP-
violation within the bubble wall is needed. Therefore it has been proposed that a temperature
induced transitional CP-violation might occur [9{11]. In [13,12] it was shown that in the MSSM
spontaneous CP-violation does not occur throughout. Even with maximal explicit CP violating
phases the variation of the corresponding phase in the Higgs system is strongly suppressed.
The baryon asymmetry arises in a two step process: rst the expanding wall sweeps through
the hot plasma separating Higgs phase and symmetric phase with a CP-violating spatially vary-
ing Higgs vev. It generates an asymmetry between left handed quarks and their antiparticles
diusing in front of the bubble starting from an asymmetry between stops, tops, charginos,
neutralinos and their antiparticles. In a second step this asymmetry in the hot plasma in
front of the bubble wall is transformed into a baryon asymmetry through (hot) unsuppressed
sphaleron transitions. If the PT is strongly rst order this asymmetry is not destroyed by the
Higgs phase (weak) sphaleron when nally the equilibrium phase takes over . The rise of the
generated baryon asymmetry depends on the spatial variation of the CP-violating phase in the
wall. Moreover, in the MSSM the variation   d=dx of tan is an important ingredient for
the determination of the baryon asymmetry . Due to its smallness the observed baryon asym-
metry may be reached only in a small, eventually tuned range [14] of parameters and therefore
also a better knowledge of the wall velocity is needed, since there is a strong dependency on












Thus the asymmetry increases with decreasing wall velocity. Of course vw ! 0 is not possible,
in this case there would be no out-of-equilibrium region. Quite naively one might expect
that more particles would imply more interactions and subsequently another viscosity of the
plasma. For this reason it usually was assumed (e.g. [16]) that the velocity of bubble walls of
supersymmetric phase transitions is smaller than the velocity in the SM. But that has to be
shown in a detailed calculation.
To go beyond speculations we want to reconsider this question and the calculation of the
wall velocity taking into account also supersymmetric particles. The proceeding is similar to
that of [17]. Nevertheless, in case of two (Higgs-) scalars and arbitrarily many interacting
particle species (fermions and bosons), the calculation and the results dier considerably from
[17]. Therefore, we will explicitely outline the main steps of the calculation (see also [12]) to
demonstrate the dierences. On the other hand, at some points which can be found in [17] we
keep short in the representation.
2 Bubble Wall Equation of Motion
Energy conservation leads to the equations of motion of an electroweak bubble wall interacting
with a hot plasma of particles [19, 18, 17]:








fi(k; x) = 0; (2.1)
where fi = f0;i + fi is the distribution function for a particle species in the heat bath. We
have to sum over all particle species i. The distribution function is divided up into equilibrium
























fj(p; x) = 0: (2.3)
The equilibrium part has been absorbed into the equilibrium temperature dependent eective
potential VT (h1; h2). In equilibrium we would obtain the free equations for critical bubbles
respectively domain walls for large radii.
In the following we will restrict ourselves to late times leading to a stationarily moving domain
wall where the friction stops the bubble wall acceleration. This is the long period of bubble
expansion where baryogenesis takes place. The influence of dierent friction or viscosity terms
in Standard type models was investigated in various papers [18{20]. We assume not too large
friction and check the self consistency of this assumption in the MSSM.
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3 Fluid Equations
Now we want to derive the deviations fi from the equilibrium population density originating
from a moving wall. We will therefore discuss the Boltzmann equation in the fluid frame, the
"fluid equations":





fi = −C[fi]; (3.1)
with the population density fi and energy E =
p
p2x + m
2(x). C[fi] represents the scattering




For particles with E; p > gT this should be fullled. Thus, infrared particles are supposed not
to contribute to the friction [17{19]. This is a crude approximation. A further understanding of
the infrared particle contribution is therefore needed which goes beyond the aim of this paper.
In the MSSM the wall thickness Lw is of order 15=T{40=T , as found in [21,6,12], and Lw  1=T
is fullled. With [17] we denote those particles which couple very weakly to the Higgs as \light
particles". Particles coupling strongly to the Higgs are heavy in the Higgs phase and therefore
called \heavy". However, \superheavy" particles as the \left handed" stops do not appear in
our calculation besides their remnants in the eective potential. We treat as \heavy" particles
only top quarks, (right handed) stops, and W bosons. The Higgses are left out.
We assume now that the interaction between wall and particle plasma is the origin of small
perturbations from equilibrium. We will treat perturbations in the temperature T , velocity v
and chemical potential  and linearize the resulting fluid equations. Then the full population










where we have generally space dependent perturbations i from equilibrium. In principle one
must include perturbations from the global value for each particle species. A simplication is
to treat all the \light" particle species as one common background fluid. This background fluid







(Ti + Tbg) + px(vi + vbg)

(3.4)
for the \heavy" particles. The spatial proles of all these perturbations depend on the mi-
croscopic physics. We treat particles and antiparticles as one species neglecting CP violation
which is a minor eect on the friction. For the calculation of the baryon asymmetry this is
the important eect and would be involved in eq. (3.4) by a perturbation E in the energy
dividing particles and antiparticles [22, 4].
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@t(T + Tbg) + px@t(v + vbg)







The term on the right hand side of (3.5) drives the population density away from equilibrium.
The collision term depends on all perturbations. But since the perturbations are Lagrangian
multipliers for particle number, energy, and momentum, we can determine the parameters by















The resulting three equations coming from the Boltzmann equation, the \fluid equations",





C[f ] = Γ1 + TΓT1 ;Z
d3p
(2)2T 3
EC[f ] = Γ2 + TΓT2 ;Z
d3p
(2)2T 3
pxC[f ] = vTΓv; (3.7)
where the rates Γ are of the form Γ  2 ln(1=)T , and  = g2=(4) is the gauge coupling.
The expressions (3.7) have to be evaluated graph by graph through the out of equilibrium
interactions of each particle species. In Sec. 6 we will calculate the leading contributions.
For a stationary wall we can use @ti ! γwvw0i; and @zi ! γw0i, where the prime denotes
the derivative with respect to z = γw(x− vwt).
In the following the equations are again similar to those in [17] but there are important




































In contrast to the computations in [17] these terms may include arbitrarily many fermions and
bosons, respectively.
We can see that for walls moving with the velocity of sound vw = vs =
p
3, the approximation
obviously breaks down. This demonstrates the limit of the expansion in linear perturbations.
For each heavy particle species in the plasma we have three fluid equations resulting from the
combination of eqs. (3.5), (3.6) and (3.7). The nal form of the fluid equations can be written
in a matrix notation:
A0 + Γ = F; (3.11)
where




The matrices A, Γ, Γ0, and M are given below. The number c4 is the heat capacity of the
plasma c4 = 78c4− + 37c4+ including light quarks, leptons, and sleptons in the plasma. The
number changes when we include further light particles. The perturbations are combined in a
vector , the driving terms are combined in the vector F . The driving term containing (m2)0








The vector  and the matrices for k particle species (index x denotes + or −, for fermions and
bosons, respectively, for the ith particle):
 =
















































75 ; where Γi =
2


















4c3iΓ2;j c3iΓT2;j c3iΓv;jc4iΓ2;j c4iΓT2;j c4iΓv;j
c4iΓ2;j c4iΓT2;j c4iΓv;j
3
5 ; i; j = 1 : : : k; (3.19)
where i in c3i, c4i denotes fermionic or bosonic contributions c3, c4 of the ith and jth particle









4 Higgs Equation of Motion and Friction
With the denition (3.20) and taking into account (righthanded) stop-, top- and W particles
the equations of motion can be approximated in the fluid picture as









(c1−b + c2−TW + c3−vW ); (4.1)























(c1−~t + c2−T~t + c3−v~t):
This can formally be rewritten as
−h001 + V 0T (h1; h2; T ) +
T
2
h1G11 = 0; (4.2)
−h002 + V 0T (h1; h2; T ) +
T
2








































































The vectors 1, 2 in eq. (4.4) contain the perturbation functions which can be found as solution
of eq. (3.11). Here we used the splitting of the perturbation vector we discussed at eq. (3.13).
Thus one is lead to a system of linear, coupled dierential equations. It can be solved nu-
merically. The solutions give the proles of the perturbations in the wall. Such proles are
discussed in [20]. We now use again the thick wall limit and approximate 0 = 0. Then we can
solve eq. (3.11) for the perturbation vectors 1;2:
1;2 = Γ
−1F1;2: (4.5)






















































































Finally, we arrive at the bubble wall equations of motion with friction,



















where we used the denitions for G1;2 in eq. (4.4) and ~F1;2 from eqs. (4.6) and (4.7) above.
The factor T rescales Γ−1  T−1. The constants give the viscosity of the medium which is
perturbed by the moving wall surface.
5 Wall Velocity in the MSSM
In order to solve eqs. (4.8) we derive a virial theorem, based on the necessity that for a stationary
wall the pressure to the wall surface is balanced by the friction: the pressure from inside the
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bubble which is responsible for the expansion and the pressure resulting from the viscosity of









h01dx = VT (h(x = 1))− VT (0) = VT ; (5.1)











2 = VT ; (5.2)
where VT is the dierence in the eective potential values at the transition temperature Tn,
which is basically the nucleation temperature.
Since we have two equations of the same type for each of the Higgs scalars and both of them
develop friction terms, we have to add the pressure on the bubble surface. They are dierent
due to the dierent particle species and couplings. Thus we nd dierent pressures which would
lead to dierent wall velocities, if the equations were completely decoupled. But due to the
eective potential which couples the equations of motion we have back-reaction. This leads to
a change in  = max(@=@z). It might be interesting to investigate this question in more
detail, since a larger  is highly welcome to obtain a larger baryon asymmetry. This point gets
even more important with the knowledge of the results of [13,12] where we realized that in the
MSSM transitional CP violation does not occur. Therefore we must exploit the explicit phases
which may nevertheless be strongly restricted by experimental bounds. The determination of
 may be done numerically by solving eqs. 4.8 with extensions of the methods of [23,12,24].
For our estimate of the wall velocity we will use as approximation a constant tan since the
deviation is so strongly suppressed as found in [21,6,23]. Then we can add the expressions for
the pressure for both Higgs elds, p1 and p2:
















= 2VT : (5.3)











We realize that the rst friction term, in comparison to the second, is strongly suppressed.
Already for moderately small values of tan=2,(3,6) we have roughly a suppression of or-
der 10,(100,1000). Moreover, tan(Tn) is often considerably larger than tan(T = 0). This
strengthens the suppression. The wall velocity is therefore predominantly determined by the
second Higgs. Moreover, this behaviour also is supported by the strong Yukawa couplings of
the stop and the top which couple asymmetric in favour of h2. A large tan leads to a friction
term, which is solely determined by 2.
In [21, 23] it was realized that in the MSSM the approximation to the solution by a kink is






















sin4 (2 + cot
4 1)
: (5.7)
The missing numbers for Lw, hcrit, Tn, and V (Tn) can be independently determined with
methods described in [23, 12, 21, 25].
6 Viscosity and Wall Velocity
The next step is to determine the specic number for the friction terms. Therefore we have to
calculate scattering and annihilation rates resulting from the corresponding Feynman graphs.
To leading order the main contributions driving the system to equilibrium are logarithmic,
coming from t-channel processes. These processes contribute to order g2. We will drop all
terms of order m=T and therefore also s-channel processes which are of order m2=T 2 (cf. [17]).
The scattering amplitudes are given by the following graphs. In principle, a stop can scatter




















In our approximation, there are only a few contributions to the matrix elements. For instance,
we assume all the squarks besides the stop to be super heavy and decoupled. Hence, the rst
graph in (6.1) would only contribute for the stop-stop scattering. But, as the stops are at the
same temperature and velocity, there is no change in the perturbations:
P
 = 0 + (Ep −
Ep′)T + (pz − p0z)v = 0. Therefore, stop-squark scattering does not contribute to the rates in
this approximation.
The corresponding types of graphs have to be taken into account for the rates of the top-
quark. They can scatter o gluons, quarks and squarks. Compared to the SM, a new scattering
graph appears for the top which in the MSSM may scatter o squarks.
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We calculate the rates which are dened in eq. (3.7) by the integration of the collision integral






(2)4(p + k − p− k)P[f ]
with P[f ] = fpfk(1− fp′)(1− fk′)− fp′fk′(1− fp)(1− fk): (6.3)
The matrix elements jMj2 are calculated in the leading log approximation and the relativistic
limit. We will only take the dominating leading-log contributions, which contribute as g4 ln 1=g,












respectively where we always replace u! −s [17]. The matrix elements give divergent rates in
the limit of massless exchange particles. We therefore include thermal masses of the exchange
particle mp in the denominator.
For the numerical evaluation of the resulting integrals we use g2s = s = 0:12, W = 1=30.
The integrals for top-W-scattering can be found in [17]. Nevertheless, we have to reevaluate
those expressions with dierent plasma masses for tops, W bosons, and stops since the su-
persymmetric plasma diers from the SM plasma [26]. We use as plasma mass of the stop
m2~t = 0:55
2T 2 which is a lower limit for our scenario [26]. This involves negative m2U , also
an experimentally required condition for baryogenesis. As plasma mass for the gluon we take
m2g  2=3g4sT 2. We use m2W = 5=6g2wT 2 for the W -mass, m2t = 1=6g2sT 2 for the top mass.
Annihilations into leptons and quarks include lepton masses ml = 3=32g
2
wT
2 and bosons with
mass m2q = 1=6g
2
2T
2 leading to an eective plasma mass ln < m2 >= 3=4 lnm2q + 1=4 lnm
2
l .
After eliminating the perturbations with help of the rates as shown above in eqs. (3.11),
(4.5) and nally eqs. (4.9) and (4.10), we nd numerically the following values for the viscosity
contributions
1  1:4; (6.5)
2  73: (6.6)
In the Standard Model with only one of these viscosity constants one nds roughly SM 
3. Thus, the friction is roughly one order of magnitude larger than in the Standard Model
already for this simplest scenario. This gives rise to the hope that one will obtain the desired
considerably slower walls.
Nevertheless the situation is slightly more complicated. There is a tan(Tn) dependency
which allows to \weigh" the contributions from both Higgs elds in eq. (5.7) to the resulting
wall friction. In Fig. 1 the dependence on the parameter tan(T = 0) is shown in the range
between 0:5 and 5. The corresponding wall velocity is determined from the value of tan at
the transition temperature Tn and the corresponding values of Lw, hcrit and the dierence in









































Figure 1: Wall velocity in dependence on the parameter tan which demonstrates the evolution
from the SM like case with low viscosity caused by the W into the MSSM with larger viscosity
dominated by stop and top. The left hand side with small values of tan is dominated by the
small value given by the W-boson, the right hand side is dominated by stops and tops. For
larger tan > 1:5 the dependence is very weak.
In the whole scenario we assume the left handed stops to be decoupled and the right handed
ones very light. The diagram is calculated for At = 0, mQ = 1TeV , and mA = 400GeV , and
m2U = −(55GeV )2, thus m~t = 161GeV . We nd a strong phase transition with v=T = 1:01
at one-loop level for tan = 2:0. At two-loop level it is even larger: even with tan = 3:5
it is strong enough for baryogenesis [5]. The Higgs mass of 96 GeV agrees with the present
experimental bound. We realize that already for relatively small tan  2 the dependency of
the wall velocity vw on tan is very weak. Moreover, in wide ranges also the dependency on
the remaining parameters mA and mU is very weak. Only for very heavy right handed stops
(mU > 500GeV ) and for very small tan  1:0 the wall velocity reaches vw  O(1) which is
more typical for the SM. Notice that to recover the SM, we would have to adapt the plasma
masses and plug the top contribution to the friction into 1.
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7 Conclusion and Discussion
The velocity of walls of expanding bubbles during the phase transition is an important ingredient
for the calculation of the baryon asymmetry at the electroweak scale. In this paper we developed
the utilities for the calculation of the wall velocity in extensions of the Standard Model and
applied them to the MSSM. We generalized the method of [17] to include more than one Higgs
eld and arbitrarily many particles and applied it to the MSSM with a light right handed stop.
We estimated the eect of the stops on the wall velocity in the plasma of the simplest
supersymmetric extension of the SM with all particles heavy or in equilibrium besides the light
stop, the W bosons and the top quark. With our calculation we give lower bounds on the
friction or viscosity coecients of this plasma. There are two parts, one for the two CP even
Higgs elds each. In the region of tan < 5 which is interesting for baryogenesis the velocity
depends weakly on tan and we nd a value of about 7  10−3. We can answer the question of
the title with Yes: stops slow down the bubble wall. We have not included eects of further out-
of-equilibrium SUSY particles like charginos and neutralinos and gave only the leading order
results. Gluinos may have considerable influence due to their multiple interactions. Also a more
precise consideration of the mass of the outer legs in the graphs presumably give an eect. We
calculated in the massless limit, but especially for the stop this might be questionable. Going
beyond the leading friction contributions requires a numerical approach to treat the change in
the kink prole. However, a larger mass would decrease the equilibration rates and increase
the friction, leading to an even lower velocity.
Low wall velocities agree with the requirements of baryogenesis and enlarge the baryon asym-
metry. Our results support the possibility that electroweak baryogenesis is a realistic scenario
for baryon asymmetry of our Universe.
Addendum A very recent paper [27] revisits the calculation of the friction in the SM. The
prediction is that hard thermal loop eects play an important role in the damping of the gauge
elds in the hot phase and that such coherent gauge eld contributions are very eective for
generating a friction. We found in the WKB calculation a strong additional stop contribution
to the friction. This contribution appears to be at least of the same order of magnitude as
the gauge contribution. A further calculation using combined techniques including Bo¨dekers
eective theory [28] would be useful.
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